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12.1 Modeling Uncertainty
• Parametric uncertainty

parameters describing the system are unknown
Mass of a car changes with the number of passengers

Fig. 3.3Disturbance response
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Modeling Uncertainty

• Parametric uncertainty
parameters describing the system are unknown

• Unmodeled dynamics
neglected mechanisms such that the simple 
model does not include. 

• detailed model of the engine dynamics
• slight delays that can occur in electronically 
controlled engines

The design based on a simple nominal 
model will give satisfactory control. Ex. 12.1
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Unmodeled Dynamics

Additive perturbations Multiplicative perturbations

: nominal model

: unmodeled 
dynamics

: actual model
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[Ex. 12.2] Similar in Open Loop but Large Differences in Closed Loop

(a) Step response (open loop) (b) Step response (closed loop) 

open loop

Fig. 12.3(a)

(12.1)

[When Are Two Systems Similar ?]

1
)(1 +
=

s
ksP 22 )1)(1(

)(
++

=
sTs
ksP 025.0=T

100=k
ur y

)(sC )(sPe
∑

1−

r y
)(sP ( )1)( =sC

closed loop



[Ex. 12.3] Different in Open Loop but Similar in Closed Loop

(a) Step response (open loop) (b) Step response (closed loop) 

open loop

Fig. 12.3(b)
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[When Are Two Systems Similar ?]

closed loop

1
)(1 +
=

s
ksP 100=k

)1(
)(2 −
=

s
ksP

r y
)(sP

ur y
)(sC )(sPe

∑

1−
( )1)( =sC



Nyquist Criterion (§9.2)

Re

1−
O

Im

)( ωjL

Fig. 11.1

ur yη
)(sC )(sPe ν

∑∑∑

1−

d n

PCL =
Loop Transfer Function

Nyquist’s Stability Theorem
Theorem 9.1 and 9.2
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Stability Margin (§9.3)

Re
1−

O
P
G

Im

mϕ

Fig. 9.9 (a)

mg/1−

ω

ω

0 dB

180−

gcω

pcω
Phase      

Gain

mg1020log

mϕ

Fig. 9.9 (b)

)(/1 pcm iLg ω=

Gain Margin

(9.5) 52−=mg

Phase Margin
)(arg gcm iL ωπϕ += (9.6) °° −= 6030mϕ

Stability Margin ms

8.05.0 << mssm Ms /1=

(                 : maximum  sensitivity)ms sM /1=

( 6-14 dB)

Fig. 11.6(b)



Robust Stability Using Nyquist’s Criterion
Additive Uncertainty

: stable  perturbations

Perturbed Nyquist curve 
doesn’t reach -1 (i.e. perturbed 
closed loop is stable) when 

Fig. 12.5(b)

Nyquist plot (additive uncertainty)
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Fig. 12.5(b)
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Robust Stability Using Nyquist’s Criterion

Perturbed Nyquist curve doesn’t reach -1 
when 
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Robust Stability Using Nyquist’s Criterion

small big               is allowed 

big small               is allowed
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Performance in the Presence of Uncertainty (§12.3)
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Bode’s Integral Formula (§11.5)
Complementary sensitivity function: 

where the summation is over all right 
half-plane zeros. 

(11.20)

(11.19)
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Complementary Sensitivity Function
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Robust Stability
(sufficient condition)

Fig. 12.6Bode diagram

: PI controller 
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around the gain crossover frequencies 
small              is required

Fig. 12.6 ’Bode diagram

A simple model that describes 
the process dynamics well 
around the crossover frequency 
is often sufficient for design

Robust Stability (sufficient condition)
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Robust Stability Using Small Gain Theorem
sufficient condition for robust stability

(12.6)

another interpretation by using small gain theorem
Theorem 9.4 Small Gain Theorem (§9.5)

Consider the closed loop system shown in Fig. 9.15, 
where       and        are stable systems and the signal 
spaces are properly defined. Let the gains of the 
systems        and         be       and        . Then the closed 
loop system is input/output stable if                    .

Fig. 9.15
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Robust Stability Using Small Gain Theorem

sufficient condition for robust stability

Small Gain Theorem
Closed loop system is input/output stable

Fig. 12.7
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for small

for large

: with integral action

Load Sensitivity Function* (§11.3) 
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for small

for large

Noise Sensitivity Function* (§11.3)

(11.10)

PID + 2nd-order 
noise filter
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