Analysis and Design of Linear
Control System -Part2-

Instructor: Prof. Masayuki Fujita



2nd Lecture

12 Robust Performance

12.1 Modeling Uncertainty (pp.347 to 352)
(9.2 The Nyquist Criterion) (pp.270 to 278)
(9.3 Stability Margins) (pp.278 to 282)
12.2 Stability in the Presence of Uncertainty (pp.352 to 358)
Keyword : Modeling Uncertainty
Robust Stability

12.2 Stability in the Presence of Uncertainty
(12.3 Performance in the Presence of Uncertainty)
(11.5 Fundamental Limitation)(pp.331 to 340) (PP-358 t0 361)

Keyword : Complementary Sensitivity Function
Small Gain Theorem




12.1 Modeling Uncertainty

e Parametric uncertainty
parameters describing the system are unknown

Mass of a car changes with the number of passengers

mass 1600 <m < 2000
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Fig. 3.3



Modeling Uncertainty

e Parametric uncertainty
parameters describing the system are unknown

» The design based on a simple nominal
EX.12.1 " model will give satisfactory control.

 Unmodeled dynamics
neglected mechanisms such that the simple
model does not include.

e detailed model of the engine dynamics
o slight delays that can occur in electronically
controlled engines



Unmodeled Dynamics
Vibration mode
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Unmodeled Dynamics

Additive perturbations Multiplicative perturbations

P=P+A
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A, S :unmodeled
dynamics



[When Are Two Systems Similar ?]
[EX. 12.2] Similar in Open Loop but Large Differences in Closed Loop

K K T =0.025
—_ " P(s)=
R(s) S+1 2(5) (s+D(sT+1)° k=100 (12.1)
, y L S PE—
—P(s) -1

open loop

closed loop

— System
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(a) Step response (open loop) (b) Step response (closed loop)

Fig. 12.3(a)



[When Are Two Systems Similar ?]
[EX. 12.3] Different in Open Loop but Similar in Closed Loop
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Fig. 12.3(b)
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Nyquist Criterion ( § 9.2)

%EGC(@‘%)L
_1 <

Loop Transfer Function

L=PC

Nyquist’s Stability Theorem
Theorem 9.1 and 9.2
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Stability Margin ( § 9.3) D
Gain Margin
g, =1/|L(io,,)

95) 9n=2-9
(6-14 dB)

Fig. 9.9 (a)
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Robust Stability Using Nyquist’s Criterion

Additive Uncertainty 1A
P —— P+ A A:stable perturbations s
LLoop Transfer Function :E s
L=PC — (P+A)C=PC+CA _C
=L+ CA
0.2 Im
Perturbed Nyquist curve 0 TR
doesn’t reach -1 (1.e. perturbed = -
closed loop is stable) when i
-04 \\_; Y T L e
CA| <1+ el ’ |
Fig. [12.5(b)
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Robust Stability Using Nyquist’s Criterion

Additive Uncertainty

Perturbed Nyquist curve doesn’t reach -1
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Robust Stability Using Nyquist’s Criterion

Sufficient condition for robust stability

. 1
5( ja))‘<‘_|_(jw)‘ Vo>0 126

small ‘T(JG))‘ —  big ‘5(](0)‘ is allowed

big ‘T(ja))‘ —> small‘§(ja))‘ is allowed

— 5 H Uncertainty




Performance in the Presence of Uncertainty ( § 12.3)

d n noise
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Measurement noise typically has high frequencies



Bode’s Integral Formula ( § 11.5)
Complementary sensitivity function:

" ogT (o) o, _ <1

0 ° Z, (1120

where the summation is over all right
half-plane zeros.

RHP zeros  1ast (b1g): better
slow (small): worse

Sensitivity function: (1st lecture) yim Pole
jo Iog‘S(ja))‘da)zﬂz P, 3(_ _X>Re

(11.19) slow fast



Complementary Sensitivity Function

P
T(s) =P (8)CE) [ c.7_ 1 . PC }
1+ P(s)C(s) 1+ PC 1+ PC
@,r - Complementary Sensitivity
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. 1
T(Jo)|=—= (=3[dB])
") V2 Y1 M, <1.25 (2[dB))
M : Maximum Peak 0 N\ —73[dB]
Magnitude of T(Jo) |~~~ “‘“@3\ |
~10 AN
My =max[T (jo) DN

M, <1.25 (2[dB]) 10° 10



T(jw)|  [dB]
)

N
o

[EX. 12.5] Cruise Control
~ Robust Stability Y P(s) — 1.38
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[EX. 12.5] Cruise Control

Robust Stability (sufficient condition)

around the gain crossover frequencies
small [5(j®)| is required

! ]

A simple model that describes
the process dynamics well

around the crossover frequency

Is often sufficient for design
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Robust Stability Using Small Gain Theorem
sufficient condition for robust stability

I 1 > (12.6)
‘5(](0)‘<T(jw) Vo =0

another interpretation by using small gain theorem

- Theorem 9.4 Small Gain Theorem ( § 9.5)
H, >

H 2
_ Fig. 9.15 _
Consider the closed loop system shown in Fig. 9.15,

where H;, and H, are stable systems and the signal
spaces are properly defined. Let the gains of the
systems H, and H, be y, and p, . Then the closed
loop system is input/output stable if 7.7, <1




Robust Stability Using Small Gain Theorem

o= [

sufficient condition for robust stability (

)
-1 Fig. 12.7
- PC j
1+ PC
5] <o
T|
)
[o]-[T]<1]

| Small Gain Theorem
Closed loop system is input/output stable



Load Sensitivity Function* ( § 11.3)

Gyd — P — PS = 1 C(s) : with integral action %
1+PC C (11.8, 11.9)
Gy :%z%%%forsmalla) (T =1)
Gy =PS=P forlarge ® (S =1)




Noise Sensitivity Function™ ( § 11.3)

C T
_Gun = 14 PC =CS :E (11.10)
-G, = % % forsmall w (T =1)
~G,,=CS ~C forlarge ® (S =1)
P — 1
(S +1)
_ ki 1 PID + 2nd-order
C_(kp koS j 2125 +T,s+1  noise filter
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2nd Lecture

12 Robust Performance

12.1 Modeling Uncertainty (pp.347 to 352)
(9.2 The Nyquist Criterion) (pp.270 to 278)
(9.3 Stability Margins) (pp.278 to 282)
12.2 Stability in the Presence of Uncertainty (pp.352 to 358)
Keyword : Modeling Uncertainty
Robust Stability

12.2 Stability in the Presence of Uncertainty
(12.3 Performance in the Presence of Uncertainty)
(11.5 Fundamental Limitation)(pp.331 to 340) (PP-358 t0 361)

Keyword : Complementary Sensitivity Function
Small Gain Theorem
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